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Exact solutions corresponding to spherically symmetric inhomogeneous nonstationary Tolman met¬ 
rics are obtained for the self-consistent system of Einstein-Yang-Mills equations for the gauge group 
503 . 

The static conhgurations of the Einstein-Yang-Mills (EYM) system have been studied in 
a large number of works (see, for example, |^, ^). Investigations of the EYM system in 
application to cosmological models of the Universe have been much less successful, and all the 
basic results in this direction have been obtained for Friedmann-Robertson -Walker (FRW) 
spaces. For example, in p, ^ exact solutions of the Yang-Mills (YM) equations were obtained 
on a background of homogeneous and isotropic Friedmann metrics. In P, exact self-consistent 
solutions of the EYM equations were found with the aid of a conformally flat representation of 
a line element and the conformal invariance of massless YM fields. However, analysis of these 
results and additional investigations show that narrowing the class of the desired spherically 
symmetric solutions of the EYM system to homogeneous Friedmann models severely limits 
the possibility of understanding the role of YM helds in cosmological processes, especially 
during the epoch of the very early Universe p. It is obvious that any point source of YM 
helds should destroy the homogeneity of space. The question of a possible substantial role of 
YM helds in cosmological inhation as a result of their strong nonlinearity was discussed in 
P from a general standpoint (irrespective of the class of metrics). Accordingly, to clarify all 
basic aspects of the ehect of YM helds on the evolution of the Universe, the admissible forms 
of the metrics must be extended as much as possible. On these grounds, in the present paper 
we propose to abandon the requirement of homogeneity of space (retaining its isotropy) in 
order to investigate how self-gravitating YM helds can inhuence the regimes of inhation of the 
Universe and whether or not in this case the structure of space can asymptotically in time 
reach the structure of homogeneous isotropic Friedmann spaces, as is observed in the present 
epoch. 
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We shall study the EYM system on the basis of the SO 5 non-Abelian gauge theory, de¬ 
scribed by the action. 

A = I— + (1) 

Svri ^ ^ l2/s: 2 “ J ^ ^ 

M 

Here M is the pseudo-Riemannian spase-time with signature (-1- 9 = d^^{ 9 ai 3 ) is the 

determinant of the metric tensor, TZ is the scalar curvature, 

- d,w; + H-pi" (2) 

is the isotriplet of YM helds in the SO 3 model, e is a characteristic constant, are the 
structure constants of the SO 3 group, and k = SvrG. The Euler-Lagrange equations for the 
action ([^) have the form 

G? = KJ - iyw = -tri, (3) 

= 0 ( 4 ) 

where TZ^ is the Ricci tensor, is the Einstein tensor. Dp is the covariant derivative, and 
the energy-momentum tensor of the YM fields equals 

n = {f‘‘'‘Fs„ - (5) 

Spherically symmetric cosmological models are described by metrics for which the spase- 
time interval has the following general form: 

ds^ = dt^ — U{r, t)dr‘^ — V (r, t)dQ‘^, dVt^ = dO^ + sin^ Odcf)^ (6) 


written in a comoving synchronous coordinate system. For YM helds, the general spherically 
symmetric ansatz can be written in the form 




er^ 


WS = 


W{r,t) 


= X 


er 


er 

er 


er 


T{r,t) = 


S{r,t) 


( 7 ) 


Here and below /r, z/ = 0,..., 3, = 1,2,3, a,b = 1,2,3; the functions K, S,T,W, H are 

unknown. 

Introducing the orthonormalized isoframe 


n = (sin 9 cos </9, sin 6^ sin ip, cos 9 ), 

1 = (cos6* cos(p, cos 6*sin (p, — sin 0), (8) 

m = (— sin ip, cos ip, 0) 
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and transforming to spherical coordinates, we find that the ansatz ( 0 ) becomes 
Wi = 0 

W2 = e-^{(ir-l)m + 51}, 

W3 = e-^{-(i^-l)l + ^m}, (9) 

Wo = e-^Wn. 


As a resnlt, we have 

Foi = -Fio = -e~^W'n, 

Fo 2 = -F 20 = e-^ [{k + WS)in + {S - WK)\) , 

Fo 3 = -F 30 = e-^ (-(it + WS)l +{S- WK)uij sin6 
Fi 2 = -F 21 = e-^ {K'm + ^'1), 

F 23 = -F 32 = e-^ sin e[K^-l + S^) n, 

= e~^ sin 6 (—K'l + S"m) 


( 10 ) 


Fi3 — —F, 


31 


Here and below an overdot denotes the derivative d/dt and the prime denotes the derivative 
d/dr To analyze the system of EYM eqnations, it is also convenient to introdnce the new 
helds A{r,t), B{r,t) and 4>{r,t) with the aid of the formnlas 

A'(r, f) = A(r, f) sin0(r, f), S'(r, f) = A(r, f) cos 0(r, f), ii(r, f) = ^(r, f) + hT(r, f) (11) 

After the corresponding transformations, the EYM system acqnires the following form 


nO _ rpo _ ^ 

0 “ 47re2 


W 


/2 


^2 ^ ^2^2 ^ ^20/2 ^^2 _ 


/2 


2 U 


+ 




+ 


l/V 


+ 


2Y2 


G} = kT/ = 


K 




W 


/2 


2 U 


i 2 ^ ^ 2^2 ^/2 ^ ^ 2^/2 ^ ^^2 _ ^)2 


K 


Gl = Gl = kT^ = kT^ = 

2 3 2 3 4^g2 


V uv 

W'^ (^2 _ ^)2 


2Y2 


2U 


2Y2 


( 12 ) 




G^ — kT^ — 

° “47162 


Wt 


ua) 


dr \^/u 


^A'A + A^Bk 

' V 

A' V Vg ( 


/\2 


u 


B^ + 


A2 


V 


A = 0 


I - i 


dt 

_ 

dr \y/U 


Y 


W' 


dr \kU 

2 VUA‘^B = 0 


+ VuAb - = 0 


(13) 
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where are known expressions obtained for the metric (|^). 

We now consider a class of exact solntions of the EYM eqnations that corresponds to the 
rednction A{r,t) = 0, which is eqnivalent to the condition 

K{r, t) = S'(r, f) = 0 

This reqnirement does not mean that there is no YM held. As is clear from (|^), the nonzero 
components of the YM helds are as follows: 

Wo = e-^Wn, W2 = W3 = e"^l 


then the nonzero components of the stress tensor are 


Foi = -Fio = -e-'W'n, (14) 

F 23 = -F 32 = e-^ sin 9[k^-1 + S^) n, 


The EYM system (p!^,(p!3[) with A = 0 is highly simplihed. We call attention to the fact 
that in this case 

V' V'V V'U 
V ~ ~ 2UV ~ 

This eqnation can be solved and yields a relation between the fnnctions U V: VU = 
(Vvy/f(r), where /(r) is an arbitrary fnnctions of r. This class of metrics comprises the 




well-known Tolman metrics 111 with the interval 


= dt^ — 

J 


(15) 


where R = R{r, t) > Ois a fnnction to be determined. For example, for R{r, t) = 
a{t)g{r), f{r) = g'{r),g{r) = {sinr, r, shr} the Tolman metric is identical to the Friedmann 
metric. In the general case, the Tolman metrics correspond to inhomogeneons cosmological 
models. 

The following expressions for the Einstein tensor can be derived for the interval (0: 


F' 

r'° = 






/oi _ _ 

Ljo — Ljo — 


AR'R 



(16) 


where 


F(r,f) = 2RR'+ 2R{1 - f) 


(17) 


The following eqnations follow from the conservation law 
metric (|T^: 



0 written in the Tolman 


( 18 ) 
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R^{{T^)R! - {TD'R} + (T° -Tl)-:rT- R!) = 0 




(19) 


With allowance for relations 
follows that 

R' 


W' = eg(t) 


fR^ 


i)-®, Eqs. (p!3D reduce to one equation, from which it 

( 20 ) 


where q{t) is an arbitrary function of t. We now hnd from Eqs. m 
= -T| = -T| = {87r)-^Q^R-\ 


( 21 ) 


where + g^, g = e~^. Substituting the components of the energy-momentum tensor 

into Eq. (|^ transforms this equation into an identity for the arbitrary function R{r,t), and 
Eq. (p!^ leads only to the requirement Q = const, which is equivalent to the requirement 
q = const. 

After the calculations are performed and Eq.(P!B|)is taken into account, the Einstein equa¬ 
tions (p!2|) reduce to three equations: 




R' 


K 


R 


K 


R 


F' = -tQ F = h- = -2—, 




dvr^ \R 


dvr^ R^‘ 


( 22 ) 


the last of which follows from the hrst two. The hrst two equations, however, lead to one 
equation for the function R{r,t): 


{RRf = if - 1)R^ + 6R- G(f 


(23) 


Just as in the standard Tolman model |^, the solutions can be divided into three separate 
classes in accordance with the conditions: f = \, f > f <\. 

1. Parabolic model (/^ = 1). In this case, the solutions for R{r,t) can be represented in 
the form 

Rf, t) = Rfr, t) = 6-^GQ^ + [x^^r, t) + X]_Fir, t)f , (2d) 

where 6 = const > 0 

Xfr, t)=Ht- /J(r) ± + ^Ht - f3{r)y, H = iJ^Vd 


Here and below, f3{r) is an arbitrary differentiable function of r. 

2. Hyperbolic model (/^ > !)• The general integral of Eq. 
written in the form 


for R = R^ir,t) can be 


t - m = if - 1)-' if - l)R^ + SR- GQ^ 


n2 


-'^if - IfFHn \ 2if - 1)^/2 _ qq2^ F2 ^ 2^y.2 _ ^ ^ I, ^25) 
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In the particular case 5 = 0 the solution for R can be found in explicit form. Specihcally, 
R{r,t) = Rl{r,t) = (f - [(f - 1 )(« - ^((r))" + . 

3. Elliptical model (/^ < 1). A real solution for R{r,t) = R^{r,t) exists, if 

5 > 0 , 5 ^ < AGQ\ 1 - S\4GQY^ < f <1- 


( 26 ) 


In this case the general integral can be written in the form 


t - f3{r) = {1 - f)-' 
+^(1 — /^)“^/^arcsin 


-{1- f)R^ + 5R-GQ^] + 
6-2il-p)R ] 

.[(l-/2)i?2 + ^/?_Gg2]V2j 


(27) 


The solutions obtained correspond to a space-time hlled with a YM field possessing only 
a radial electric component Sr and only a radial magnetic component Br which have the form 

^ ^ R' V. 1 ^ R' 

Sr = FrO = Rr = --VQ*£rjkF-' = 


where g* = det{gij) = sin^ 6'//^(r). Hence one can see that the constants q and g have 

the meaning of electric and magnetic charges, respectively. 

This work was performed under the partial hnancial support of the Scientihc Center ” Kos- 
mion” as part of the project ” Kosmomikrohzika”. 


[1] D.V.Gal’tsov, Particles and Fields Near Black Holes [in Russian], Moscow State Univer¬ 
sity Press, Moscow (1986). 

[2] J.A.Smoller, A.G.Wasserman, S.-T.Yan, J.B.McLeod, Commun.Math.Phys, 143, 115-147 
(1991). 

[3] V.N.Ponamarev and A.A.Tseitlin, Yad.Fiz. 29, 539-541 (1979). 

[4] V.N.Melnikov, V.K Shchigolev, Lett.Nuovo cim., 39, No. 15, 354-368 (1984). 

[5] J.Cervero, L. Jacobs, Phys.Lett. 78B, 4, 427 (1978). 

[6] A.D.Linde, Particle Physics and Inflationary Cosmology, Gordon and Breach, New York, 
1990 [Russian original, Nauka, Moscow 1990]. 

[7] S.V.Chervon, V.K.Shchigolev,and V.M.Zhuravlev, Izv.Vyssh.Uchebn. Zaved. Fiz. N 2, 41 
(1996). 


6 



[8] S. Weinberg Gravitation and Cosmology.-Principles and Applications of the General Theory 
of Relativity., Wiley, New York, 1972 [Russian translation, Mir, Moscow, 1975]. 

[9] Gu C., Hu H. Commun. Math. Phys., 79, 75-90 (1981). 

[10] Krasinski.A. Phisics in an inhomogeneous universe ( a review). Warsaw, 12 (1993). 

[11] D.V.Gal’tsov, Yu.V.Grats, and V.Gh. Zhukovscii, Classical Fields [in Russian], Moscow 
State University Press, Moscow, 1991. 

[12] R.G.Tolman Relativity, Thermodynamics, and Cosmology. The Glarendon Press, Ox¬ 
ford,1934 [Russian translation, Nauka, Moscow 1974]. 


7 



